We introduce alchemical perturbations as a rapid and accurate tool to estimate fundamental structural and energetic properties in pure and mixed ionic crystals. We investigated formation energies, lattice constants, and bulk moduli for all sixteen iso-valence-electronic combinations of pure pristine alkali halides involving elements Me ∈ {Na, K, Rb, Cs} and X ∈ {F, Cl, Br, I}. For rock salt, zincblende and cesium chloride symmetry, alchemical Hellmann-Feynman derivatives, evaluated along lattice scans of sixteen reference crystals, have been obtained for coupling to all respective 16×15 target crystals. Mean absolute errors (MAE) are on par with density functional theory level of accuracy for energies and bulk modulus. Predicted lattice constants are less accurate but reproduce qualitative trends. Reference salt NaCl affords the most accurate alchemical estimates of relative energies (MAE < 40 meV/atom). Best predictions of lattice constants are based on NaF as a reference salt (MAE < 0.5Å), accounting only for qualitative trends. The best reference salt for the prediction of bulk moduli is CsCl (MAE < 0.4×10 11 dynes/cm 2 ). The alchemical predictions distinguish competing rock salt and cesium chloride phases in binary and ternary solid mixtures with CsCl. Using pure RbI as a reference salt they reproduce the reversal of rock salt/cesium chloride stability trend for binary MeX 1−x CsCl x as well as for ternary MeX 0.5−0.5x (Me'Y) 0.5−0.5x CsCl x mixtures.
Introduction
Accurate predictions of crystal structures represent a crucial aspect for our understanding of phase diagrams of matter. Crystal structure prediction blind tests regularly gauge the performance of the state of the art in the field 1, 2 . Organic crystals are particularly challenging due to the need for accurate inter and intramolecular potentials including many-body van der Waals contributions [3] [4] [5] . Additionally, spatial degrees of freedom need to be sampled in an efficient manner to locate competing polymorphs. Various methods have been introduced to accomplish the latter [6] [7] [8] [9] . All these methods succeed in finding local, and global, potential or free energy minima of competing phases for any given material through repeated use of self-consistent field procedures. While great progress has been made in the context of predicting pure and pristine phases, predicting energies and structures of doped materials, solid mixtures, and co-crystals represents an even more complex challenge. Furthermore, when it comes to virtual materials design, not only configurational but also com-positional degrees of freedom have to be taken into account, as recently exemplified by Marques, Botti and co-workers 11 . One could therefore dramatically accelerate the prediction of crystal structures if reliable energy estimates were available without selfconsistency 10 . In this study, we have investigated the applicability of "alchemical" coupling in order to rapidly estimate stability, structures, and bulk moduli of competing crystal phases of varying composition from first principles without having to perform repeated self-consistent field procedures.
"Alchemical coupling" refers to adiabatically connecting external potentials of two materials in a way that typically includes a continuous variation in nuclear charges. The coupling paths have no correspondence in reality, and hence we refer to them as "alchemical" 12 . Any properties corresponding to thermodynamic state functions can be coupled using arbitrary interpolation functions between the two end points. Alchemical paths are common in force-field based free energy calculations 13, 14 , and have found various applications including virtual drug screening 15, 16 , or determination of eutectic mixtures of heat transfer fluid candidates 17 . They have been less common in quantum mechanics, despite their early proposition in 1962 18 . An early effort is a 1975 study on continuous changes of electronic valence into Rydberg states 19 . By now they are no longer unusual and have been demonstrated to reliably predict the effects of compositional changes on a broad variety of properties, including covalent and intermolecular binding, free energies, nuclear quantum effects, NaCl and other electronic properties of systems in gas, liquid and solid phase 12, . For more details and references, we refer to two recent reviews 42, 43 . As long as it is sufficiently accurate, any local (analytic) gradient based exploration campaign will be dramatically more effective than brute force screening or discrete alternatives, be it based on self-consistent field procedures or extended molecular dynamics trajectories. In this study, we have systematically assessed the performance of alchemical coupling for the prediction of properties in a well defined class of materials: We studied alchemical coupling of alkali halide (MeX) crystals, often used to benchmark novel crystal structure modeling approaches 44 . We chose this class of compounds because they represent an appealing compromise: They have a non-trivial degree of chemical diversity, yet their dominant nature of cohesion is simple, solely due to ionic bonding. As such, we consider them to represent an important benchmark: If alchemical derivatives (or any other approach for that matter) already failed to describe alkali halides one would hesitate to proceed to more challenging crystals which entail, for example, also covalent or intermolecular binding. This work is organized as follows: In Sec. 2, we briefly summarize the general theoretical basis for first order alchemical derivatives within density functional theory (DFT). Computational details are discussed in Sec. 3, followed by results for pure alkali halides in Sec. 4.4. In Sec. 4.5 and Sec. 4.6 we analyze the performance of the first order alchemical derivatives for binary and ternary alkali halide mixtures. In Sec. 5 we summarize this study and provide concluding remarks.
Theory
We couple any two iso-electronic crystals, consisting of initial reference system r and target system t with a global Hamiltonian, linear in coupling parameter λ ,
Here 0 ≤ λ ≤ 1, andĤ refers to the total Hamiltonian of the potential energy, i.e. including nuclear-nuclear repulsion. All alchemical changes investigated in this paper only include moves going up or down the same column in the periodic to changes which are iso-electronic in valence electrons only, and we account for changes in core electrons through interpolation of their effective core (or pseudo-) potential. Here, we consider only "vertical" alchemical changes, i.e. initial and final crystal structures always have the same number of atoms located at the exact same coordinates in the space of the same crystal structure. First order derivatives with respect to such alchemical changes have just recently been shown to have superior predictive power in the case of covalent bonding in small molecules 40 . Note, that non-linear interpolations are also possible forĤ(λ ) 34 , but have not been explored in this study.
For alchemical coupling within DFT the first order derivative according to Hellmann-Feynman 45, 46 can be evaluated according to 34 ,
where, Ψ, n and E[n] are the corresponding unknown electronic wavefunction, density, and energy functional, respectively. And v is the known external potential. Note that this is identical with the energy expression in first order perturbation theory, when using ∂ λĤ as the perturbing Hamiltonian. We use Eq. 2 to estimate the total energy of the target in a first order Taylor expansion using only the electron density of the reference system. The predicted energy, E p , thus has the form,
and simplifies for Δλ = 1 to E p = E t [n r ]. Note that in general E t [n r ] is a very poor model of E t [n t ], especially when it comes to the prediction of absolute energies. However, it turns out that usually this is mostly due to a constant shift in the off-set, shape and location of E t [n r ] as a function of lattice constant agree very well with E t [n t ]. We can exploit this finding when we restrict ourselves to predicting alchemical changes in relative energies for which the constant off-set will mostly cancel. We do not consider this to be a severe restriction. Absolute energies are arbitrary within pseudopotential based calculations anyhow, and, maybe more importantly, they hardly matter for most of the common physical and chemical phenomena. Fig. 1 illustrates the thermodynamic cycle one can construct to make alchemical predictions of changes in relative energies. Green boxes correspond to reference salt (example NaCl) and blue to target structures (example KCl). Note that any other isovalence-electronic combination of reference and target crystal can be used, even including multi-component (binary, ternary, quaternary, etc.) mixtures of alkali halides. Thus, knowing the electron density (and orbitals) of a single reference compound enables inexpensively access to a vast range of iso-valence-electronic compounds via alchemical Hellmann-Feynman derivatives.
For predictions of relative energies between phases, such as cesium chloride (cscl) versus rock salt structure (rs), the alchemical first order estimate becomes,
In order to obtain estimates of meaningful relative energies, we report predicted relative energies evaluated at those lattice constant values of each reference crystal which correspond to the minima of the respective predicted energy curves. For example, E t cscl [n r cscl ] is evaluated using the reference electron density in cscl structure obtained at that lattice constant value which minimizes E p in cscl structure. Conversely, E t rs [n r rs ] is evaluated using the reference electron density in rs structure obtained at that lattice constant value which minimizes E p in rs structure.
Higher order derivatives in the energy Taylor expansion could possibly increase the accuracy of alchemical predictions 59 . Their convergence, however, should not be taken for granted 40 . The most straightforward way to include them is by finite difference. In practice, however, it is difficult to go beyond 2nd order due to numerical noise. It would go beyond the scope of this study to also include higher order effects. Furthermore, calculation of higher order derivatives lead to an increase in computational cost, which is why first order derivatives should be fully explored first. Table containing alchemically predicted scans of energies [eV] as a function of interatomic distance [Å] for all possible 16×15 pure alkali halide couplings considered here within. Diagonal plots correspond to true DFT/PBE results used as reference to alchemically predict all off-diagonal plots in the same column. Thus, rows and columns indicate reference and target salts, respectively. In each plot there is a pink, green, and blue line corresponding to rs, cscl, and zb phase, respectively. LEFT: Zoom-in for all chlorides. The table lists relative energies, equilibrium lattice constants, and bulk moduli extracted from corresponding alchemical prediction scans. Again, the values in the diagonal elements correspond to DFT reference numbers, and columns indicate predicted target chlorides (for convenience Cl symbols have been dropped), while rows correspond to MeCl reference salts. Lattice constants and bulk moduli have been obtained by fitting calculated data to the BM equation of state 57, 58 . Energy difference between two minima corresponding to two different symmetries. Mean absolute errors (MAE) of target predictions (with respect to diagonal elements) are shown. Numbers highlighted in orange correspond to energy curves presented in NaF NaCl NaBr NaI aborted, and E t [n r ] is evaluated.
We used PBE 63 and LDA 64,65 exchange-correlation potentials, Goedecker-Teter-Hutter (GTH) pseudopotentials 66, 67 , and a plane-wave cutoff of 250 Ry. For halogens (X) and alkali atoms (Me), we employed pseudopotentials with effective nuclear charges of seven, and nine, respectively. Examination of alkali metals with nuclear charge equals one indicated poor performance for most of the salts with slow convergence and strong oscillations of the total energy as a function of cell size. For this reason, we have excluded lithium from this study. The wavefunction convergence criterion has been set to 10 −7 Ha. Γ-point only (no k-point sampling) has been used. The rs and Zincblende (zb) crystal structures were modeled by 64 atoms, for cscl we used a unit cell containing 54 atoms. The Birch-Murnaghan (BM) isothermal equation of state 57, 58 has been employed to fit data points and estimate bulk moduli of predicted as well as reference curves. For some cases, we also added the common pairwise interatomic London dispersion energy contributions 3, [68] [69] [70] to DFT/PBE reference energies, as well as to E p ,
where s 6 is the scaling factor, N -the number of atoms, C i j 6 -dispersion coefficient for an atom pair, r i j -interatomic distance, and f (r i j ) is a damping function. The need to calculate E D2 arises, since pure DFT/PBE incorrectly predicts the rs to be more stable than cscl for CsCl, CsBr, and CsI 50 . The dispersion correction has been obtained following Ref. 50 , where C 6 and R 0 parameters were taken from Ref. 70 for all elements but for Cs which was taken from Ref. 50 . Note that this dispersion correction is added to the alchemical prediction a posteriori. This is more straightforward than including it through alchemy since there is no explicit λ dependence in this dispersion correction. At this point we note that dispersion coefficient based corrections could have also been obtained "on-the-fly" with minimal empirical effort following the procedure proposed in Ref. 71 . For an extensive review on dispersion corrections we refer the reader to Ref. 72 .
Results and discussion

Performance of DFT for describing alkali halides
We have calculated DFT/PBE lattice constants (Tab. 1), energy differences (Tab. 2), and bulk moduli (Tab. 3) for all alkali halides in their lowest energy phase. Available experimental data and previously performed theoretical results by others are also listed for comparison.
Theoretical values of lattice parameters in Tab. 1 differ from experiment by 1.5-2% (0.1Å or more) for the majority of MeX. The highest deviation occurs for RbI: 4.5%. DFT/PBE systematically overestimates the experimental value at T=0 K, even though being calculated for static structures. This behavior of the PBE functional has also been observed in previous theoretical studies, e.g. see Ref. 73 . The overall performance of DFT lattice parameters, however, is satisfying. In particular, all trends are in perfect agreement with experiment.
In Tab. 2 we report DFT/PBE energy differences between rs and cscl calculated in the present work for all pure MeX crystals, along with previous theoretical results by others 49, 50 . Note that in Ref. 49 the less accurate CDFT approach was used. From Tab. 2 one can see that according to DFT/PBE the rs phase is the most stable phase for all alkali halides. However, in reality CsCl, CsBr, and CsI crystallize in the cscl phase under ambient conditions. In Ref. 50 it was pointed out that the dispersion correction can cure this problem. In the Appendix we also provide results obtained with the dispersion correction (see also Tab. 4) which confirm this finding: The DFT/PBE+D2 ΔE rs−cscl has the correct sign (plus) for CsCl, CsBr, and CsI, as well as for all the others alkali halides (minus). We have relied on DFT/PBE+D2 results for locating rs to cscl transition composition of MeX binary and ternary mixtures in Secs. 4.5, 4.6.
A direct comparison of energy difference, ΔE rs−cscl , to experimental data is obstructed, since a particular MeX occurs in the rs and cscl phase at a different pressure. However, we can qualitatively check the correlation between the experimental transition pressure and the calculated ΔE rs−cscl . Generally, rs to cscl phase transition occurs at a lower pressure for MeX which consist of heavier elements 56, [74] [75] [76] . This is in agreement with our DFT/PBE results when looking at the columns of Tab. 2-apart from alkali fluorides. The same trend is observed within the rows of Tab. 2 for all MeX, but for NaX and KI. However, the results for sodium halides are not inconsistent with experimental observation: NaBr and NaI transform to TlI 77 structure, and the experimental transition pressure for NaF is lower than for NaCl (23 78 In summary, DFT/PBE (or DFT/PBE+D2) yields reasonable results for alkali halides when compared to experiment. Since we investigate the predictive power of alchemical first order derivatives for reproducing results coming from pure reference calculations, rather than reproducing experimental outcomes, we consider the DFT level of accuracy sufficiently accurate. 
Example 1: NaCl → KCl
An exemplary selection of vertical iso-valence-electronic alchemical prediction scans of energies is shown in Fig. 2 for all three combinations of rs, zb, and cscl. The bottom row corresponds to DFT/PBE calculations of the energy, as a function of the lattice constant for the reference salt NaCl: the middle row corresponds to DFT/PBE for the target salt KCl, and the top row corresponds to the alchemical prediction estimated with first order Hellmann-Feynman derivatives. Note the huge off-set of the alchemically predicted curves in the top row, previously alluded to. The shape, positioning, and relative energy gap between different phases, Eq. 4, however, is very similar to the true target case (mid row). The agreement is particularly stunning for combinations which involve zb (mid and left-hand column): The reference curve has a strikingly different shape, yet its alchemical prediction is still in good agreement with the target curve.
We can quantify this agreement: The energy difference between rs and cscl phases for NaCl is -175 meV. Alchemical derivatives predict this difference to shrink to -89 meV in the case of KCl. The true DFT/PBE energy difference of KCl amounts to -84 meV. Similar predictive power is found for rs and zb, and cscl and zb. Also, the predicted values of the equilibrium lattice constants are in startling agreement with DFT: They deviate at most by 0.07 Å. The bulk modulus calculated from E p matches well the target in case of rs phase: 1.636 vs. 1.608 [10 11 dynes cm 2 ], whereas for the reference system it is 2.290 [10 11 dynes cm 2 ]. The agreement is similar for zb (1.247 vs. 1.191 [10 11 dynes cm 2 ]), but worse for cscl (1.008 vs. 1.709 [10 11 dynes cm 2 ]). These remarkable findings have motivated us to perform a more comprehensive screen for all possible combinations of reference and target salts. 
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Example 2: NaCl → NaX and MeCl
To illustrate the predictive performance of alchemical derivatives, a scatter plot of alchemy versus DFT results is shown in Fig. 5 . The presented data corresponds to lattice scans of total energies predicted for sodium halides, alkali chlorides, and for KCl in the zb structure. All alchemical predictions have been made using the same reference crystal, NaCl, covering an average range of ∼0.6 eV. After shifting the data to its respective mean values, linear regression yields excellent correlation coefficients and mean absolute errors an order of magnitude smaller than the range. Closer inspection of the predictions suggests that there are two different regression regimes, one corresponding to the dissociative tail of the binding curve, the other to the repulsive wall. If treated separately, linear regression models would achieve even superior correlation coefficients and mean absolute errors. Similar observations have also been made in the case of alchemical predictions of covalent bond stretching in molecules 38, 40 Fig. 5 also indicates that results differ for the alchemical prediction of the NaF lattice scan: While the alchemical prediction of the dissociative tail of NaF exhibits excellent linear correlation with the DFT numbers, the repulsive wall is not accounted for. In fact, the alchemical results indicate further lowering of the energy as interatomic distances decrease in NaF. As such, alchemical derivatives based on NaCl predict overbinding for NaF. A possible explanation for this result is the lack of d-electrons in Fluorine, accounted for by a pseudopotential with disproportionally smaller core-radius. In the case of PBE-pseudopotentials in the Goedecker-Hutter form 66 , the core-radii for F, Cl, Br, and I are 0.21, 0.41, 0.5, and 0.56 Bohr, respectively 67 : In other words, I is closer to Na than F! Furthermore, and maybe more importantly, the predictive power of any Hellmann-Feynman based first order perturbation calculation hinges on sufficient overlap between electron density and perturbing potential. Since there is negligible electron density in the core region of Cl in NaCl it is not surprising that the prediction for an element with a contracted core radius is worse than the prediction for an element with an enlargened core radius.
Results for KBr are shown as well to illustrate the predictive performance when transmutating both element types, Na and Cl. Also here, an overall striking correlation is evident, and the two respective regimes corresponding to dissociative tail and repulsive wall, are clearly distinguishable.
All to all
To probe the predictive power of first order alchemical derivatives for crystal structures in more general we have studied all possible transmutations between 16 alkali halides in rs, cscl, and zb structure. More specifically, we have scanned each crystal structure in rs, cscl, and zb phase using alchemical predictions as well as total DFT energy for validation purposes. Fig. 3 features the total potential energies as a function of interatomic distance for all 16×15 combinations of reference/target salts, all reference salts, and all rs, zb, and cscl phases. As discussed in Sec. 3 lithium halides have been excluded from this screen. All in all, we performed lattice constant screens for 720 alchemical combinations. The range of lattice constants was chosen for each crystal symmetry to run from a value smaller than NaF equilibrium lattice constant up to a value larger than CsI equilibrium lattice constant, with fixed spacing. The need to use such an extensive range arises from the fact that predictions from each salt are made for all other salts. Those points on the potential energy surface which lie too far away from equilibrium value are usually the most difficult to converge, and thus energy oscillations can occur. This naturally leads to oscillations in E p , and therefore inaccurate results can occur for extreme combinations (see e.g. predictions of MeBr or MeCl from NaF or KF in Fig. 3 ). Fig. 3 also contains a table reporting extracted properties (lattice constants, relative energies, and bulk moduli) for the subset of all alkali chlorides. Complete tables with these properties for all alkali halide transmutations can be found in Appendix, Tabs. 5, 6, 7, 8, 9, 10, 11, 12 , and 13.
Relative energies
Alchemical predictions of relative energies are presented in Tabs. 5, 6, and 7. These tables should be read as follows: The diagonal elements correspond to the true DFT/PBE result for the reference compound. All off-diagonal elements in any given row correspond to alchemical predictions obtained for the target salt specified in the head of the column, and using as a reference salt the diagonal element present in that same row. Overall we note that for the majority of combinations predictions are very accurate if the alkali ion is fixed, and only the halogen is allowed to vary. This corresponds to off-diagonal elements above or below the diagonal in multiples of four. For example, ΔE rs−cscl (Tabs. 5) of NaBr (-181 meV/atom) is rather well predicted when using NaF (-182 meV/atom), NaCl (-162 meV/atom), or NaI (-160 meV/atom) as a reference. In other combinations, the im- Generally, the predictive accuracy is the worst if the target salt is composed out of heavy atoms (CsX, RbX) and the reference salt is composed out of light atoms without d electrons (MeF, NaX). This observation is consistent with recent findings in small molecules 40 . MAE due to choice of reference salt are reported in the out most right hand columns in the tables. The lowest MAE (∼30 meV/atom) is found for reference salts RbI, NaBr, KBr, NaCl in the case of the rs-cscl energy difference. In the case of the rszb energy difference, the lowest MAE (∼13 meV/atom) is found for reference salts RbF and CsF, followed by KCl, KBr, and NaCl (∼23 meV/atom). For relative zb-cscl energies, the lowest MAE is obtained for NaCl (39 meV/atom) and NaBr (43 meV/atom) as a reference salt. To put these results into perspective we refer to the DFT analysis by Lany 80 who reported prediction errors for heats of formation for general chemistries with filled d-shells which (assuming normal distributions) amount to MAE of at least 0.19 eV/atom 81 . We note that for all the 16×15 alkali halide combinations in all the three combinations of energy differences (rs-cscl, rs-zb, and zb-cscl) no reference salt yields worse predictions than that, except for KF in the case of zb-cscl (MAE = 284 meV/atom). Similar DFT errors for solids were also reported by Mattsson and co-workers 82 . As such, our numerical evidence indicates that alchemical predictions of relative energies achieve a predictive power on par to generalized gradient based DFT (when compared to experiment).
In Tab. 5 one can note the aforementioned DFT/PBE artifact that the rs phase is preferable over the cscl for all alkali halides. Under normal conditions, of course, CsCl, CsBr, and CsI should favor the cscl phase. In Ref. 50 this shortcoming was described, and the authors pointed out that interatomic two-body C 6 /R 6 dispersion corrections can cure this failure. We have reproduced this finding, and it is summarized in Tab. 4. When augmenting the alchemical predictions with D2 corrections, the predictive accuracy slightly increases: Reference salt NaBr has the lowest MAE of 25 meV/atom, NaCl is still a good reference with a decreased MAE of 27 meV/atom, and KBr and RbI are next with 31 meV/atom. We note though that NaBr, NaCl and KBr still fail to predict the correct sign for all the three salts which favor cscl structure, i.e. CsCl, CsBr, and CsI. RbI as a reference salt clearly accounts for CsCl and CsBr in the cscl, and it predicts practically zero energy difference for CsI. Since it represents the best compromise between yielding the correct sign and small overall MAE, we have therefore opted to probe RbI as the most promising reference for the binary and ternary mixtures (see below) for which the rs to cscl phase transition can be observed.
Lattice constants
Equilibrium lattice constants were alchemically predicted by fitting the E p curves in Fig. 3 and locating their minimum. Predictions are reported in Tabs. 8, 9, 10 . The predictive accuracy of lattice constants in alkali halides can be remarkable, e.g. in the aforementioned example of NaCl→KCl. On average, however, predicted lattice constants are not of similar accuracy as DFT. Using CsF as a reference for estimating lattice constants of alkali halides in zb the MAE corresponds to ∼1 Å-less than ten percent of this number would be desirable. The best reference on average, NaF, has a MAE less than 0.5 Å, which clearly still lacks quantitative accuracy. Qualitative trends (the heavier the elements the larger the lattice constant), however, are well reproduced. Inclusion of higher order effects might still improve the location of minima in the predicted energy curves, as it was shown to be the case for covalent bonds in small molecules 40 . However, we consider this shortcoming to be less severe: Decent structural information can often be obtained already at the level of interatomic potentials or semi-empirical methods such as tightbinding DFT.
Bulk moduli
The 720 predicted energy curves in Fig. 3 were fitted with BM equation of state in order to calculate bulk moduli for all predictions. Experimental and DFT data suggest that alkali halides' bulk modulus decreases as we go from lighter to heavier elements, i.e. fluorides to iodides for fixed alkali atom. Alchemical predictions of rs bulk moduli from all possible alkali halides for all possible NaX, KX, and RbX feature in Fig. 4 . Predictions of CsX have been omitted since for them the cscl phase is more stable. Blue and red curves in Fig. 4 represent the experimental and DFT data. While there are some deviations in the predictions (up to 2.0×10 11 dynes cm 2 ), the overall trend is reproduced. Specific numerical results for all predictions of bulk moduli are shown in Tabs. 11, 12, 13 for rs, cscl, and zb structure, respectively. Inter-estingly, reference salt CsCl yields the best predictive power with a MAE < 0.4 ×10 11 dynes cm 2 .
Binary mixtures
When doping one alkali halide MeX with another alkali halide Me'Y, one finds that relative DFT energies hardly depend on the spatial distribution of Me'Y in MeX. This is not surprising due to the predominant ionic mode of binding in these crystals, containing only ions with the same formal charge (plus or minus one). Alchemical estimates have also confirmed this near degeneracy.
Varying compositional degrees of freedom, however, leads to significant changes in relative energies. In particular, a phase transition rs → cscl occurs at some mole fraction x t in MeX 1−x (CsCl) x . We have studied if alchemical estimates, based on DFT/PBE+D2 level of theory, can capture the rs → cscl phase transition as x goes from zero to one, and if they could possibly even predict x t . In our setup the rs and cscl crystal structures contain different number of atoms (64 vs. 54), and we have therefore encountered finite size effects: When substituting atoms in some MeX crystal structures with Cs and Cl atoms, the exact percentage of CsCl will differ for the rs and cscl phase. In order to obtain energy differences for the same component ratio x we have linearly interpolated the energy curves, and averaged the result for rs and cscl phase. ΔE rs−cscl is shown in Fig. 6 as a function of CsCl percentage for all binary mixtures with alkali halides which favor rs. The component ratio is varying from 0 to 100% in step size of 5%.
In Fig. 6 we compare DFT results with alchemical predictions of ΔE rs−cscl in MeX 1−x (CsCl) x made using RbI, CsCl, and MeX as reference salts. One can observe a remarkable overall correlation between DFT and alchemical predictions. Except for predicting CsF 1−x CsCl x , RbI always predicts the correct change of sign. CsF is the odd-one-out among Cs halides: It favors rs. In Sec. 4.4 we analyzed the overall performance of energy differences for pure MeX and noticed that predicting alkali fluorides is the most difficult task for alchemy, particularly CsF. We believe that the ultimate reason for this is the lack of d-electrons which makes the fluoride ion different from all the other halogens. As such, it represents a special case for RbI since RbI alchemically predicts it to be in cscl structure already in its pure state (See Tab. 4). While RbI captures the correct qualitative trend of phase stability for all the typical rs alkali halides it does predict transition ratios x t with a systematic shift. In particular, predicted x t -values are typically ∼0.4 too small with respect to DFT's x t -value when estimating relative energies for MeX 1−x (CsCl) x where X ∈ {Cl, Br, I}. When predicting x t in (MeF) 1−x (CsCl) x , RbI typically overshoots with respect to DFT.
Similar observations can be made for CsCl reference: When predicting x t in (MeF) 1−x (CsCl) x , CsCl typically overshoots with respect to DFT. For (MeCl) 1−x (CsCl) x , x t of DFT is very well reproduced by alchemical estimates based on CsCl. And for (MeBr) 1−x (CsCl) x and (MeI) 1−x (CsCl) x , the CsCl based estimate of x t is systematically underestimated, i.e. for I more severely so than for Br.
When using MeX as a reference salt, the overall agreement of alchemically predicted relative energy curves with DFT results is not poor. However, the derivatives lack severely in predictive power when it comes to the sign change or to x t . Only CsF 1−x CsCl x is predicted very well using CsF as a reference. This is consistent with the fact, on display in Tab. 4, that only MeF reference salts yield satisfactory predictions of CsF, while the majority of other reference salts predict the wrong sign. With increasing CsCl component the prediction becomes better and can hardly be distinguished from DFT results after reaching 50% CsCl fraction.
In summary, we believe that these results amount to numerical evidence which suggests that it is possible to predict if phase transitions will occur when using a single and pure reference salt to screen the entire binary mixture space. The MeX with the heaviest elements, RbI, is a good reference choice for qualitative screening of alkali halide binaries. It remains to be seen, if this observation also holds for other crystals and mixtures.
Ternary mixtures
In order to explore the limits of our approach, we have extended the binary to the ternary search space. Obviously, the larger the number of components in a multi-component mixture, the more efficient a predictive alchemical screening tool which is based on a single pure reference salt. In order to keep the reference DFT calculations tractable, we had to severely restrict ourselves in the ternary compound space. More specifically, we have considered the admixture of CsCl with a fixed 50-50% ratio of MeX, Me'Y. For the alchemical screening of ΔE rs−cscl as a function of CsCl content x, we have selected sixteen ternary mixtures containing NaCl and KCl, respectively, i.e. eight mixtures NaCl 0.5−0.5x MeX 0.5−0.5x (CsCl) x and eight mixtures KCl 0.5−0.5x MeX 0.5−0.5x (CsCl) x . ΔE rs−cscl as a function of CsCl content x is shown in Fig. 7 for DFT/PBE+D2 and alchemical predictions based on pure RbI as a reference salt.
Similarly to the binary case, overall correlation of DFT curves with alchemical predictions is striking. Alchemical predictions based on RbI reference reproduce the phase transition for all the ternary mixtures shown. The alchemical relative energies systematically overshoot with respect to DFT's x t , resulting into an estimate systematically too small (on average by ∼ 0.4). We note an outlier in the alchemical predictions at 25% CsCl content for all curves shown. This is due to a finite size effect of the differing numbers of atoms/unit cell. For our unit cells this effect becomes sizable already for ternary mixtures. We expect this effect to disappear as the unit cells are increased in volume. Finally, we reiterate that the entire information encoded in the alchemical prediction curves in Fig. 7 has been obtained from rs and cscl lattice scans of just one single reference system.
Conclusion
We have studied the predictive power of first order Hellmann-Feynman based "alchemical" derivatives for compositional changes in alkali halide crystals which are iso-electronic in number of valence electrons. We examined important energetic and structural properties, such as relative energies, lattice parameters, and bulk moduli for rs, cscl, and zb phases. For relative energies between rs and cscl phases, we also studied binary and ternary mixtures with CsCl.
Vertical alchemical first order based predictions of relative energies reach an accuracy which is on par, if not better, than what one can expect from DFT, ∼ 0.1 eV/atom. We believe that such a high degree of accuracy is possible due to cancellation of the higher order non-linear effects, present in the electron density response, when considering relative energies. Similar to analogous compositional changes in small molecules we observe the most advantageous cancellation (resulting in highest predictive power) when inter converting elements appear late in the periodic table and when considering only vertical changes 38, 40 . Also, the choice of reference salt, i.e. which electron density is used, has a strong impact on the predictive power of alchemical estimates. Reference compounds from heavy elements typically result in accurate predictions, on average, however, NaCl is best. Regarding lattice parameters, alchemical predictions are less quantitative but they do reproduce the trends in equilibrium lattice constants (MAE ∼ 0.5 Å for the best reference compound, NaF). For bulk moduli, the MAE obtained for the best reference compound CsCl is quite acceptable. The reversal of the rs-cscl phase stability trend when admixing CsCl to alkali halides which favor the rock salt phase, is captured by alchemical predictions (using RbI as a single and pure reference salt). Note that in order to account for this effect, van der Waals corrected DFT is necessary, as also pointed out previously by others 50 . While we have chosen PBE(D2) as level of theory to assess the predictive power of alchemical estimates, other density functionals, or electronic structure methods, could have been used just as well. For vertical changes of relative energies we believe that similar predictive power will be observed, no matter the underlying electronic reference method. Alchemical predictions based on RbI reference also capture the phase transition in ternary mixtures with CsCl.
The numerical evaluation of Hellmann-Feynman based analytical derivatives demands negligible computational overhead, thereby resulting in computational speed-ups by multiple orders of magnitude, when compared to brute force DFT based screening. As such, our results indicate that pragmatic use of alchemical coupling enables very efficient screening campaigns which can be used to explore materials compound spaces spanned by multicomponent ionic crystals. Future studies will show if alchemical predictions can also be applied in the context of other solids, or even liquids.
Appendix: Numerical results
In the following, we provide all results for true and predicted (with first order alchemical derivatives) energy differences (Tabs. 5, 6, 7, 4) , lattice constants (Tabs. 8, 9, 10) , and bulk mod-uli (Tabs. 11, 12, 13) for pure alkali halides in rs, cscl, and zb phases. Mean absolute errors are given in each table for each reference and target alkali halide. We also provide mean absolute percentage error (MAPE), which is the deviation of the forecast value from the DFT benchmark in percentage. 
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